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Abstract
Static, structural properties of dendrimers with generations ranging from
g = 3 up to g = 7 with charged, monovalent terminal groups and
neutralizing counterions in an athermal solvent are studied by lattice Monte
Carlo simulations using the cooperative motion algorithm as the tossing scheme.
The full Coulomb potential and the excluded volume interactions between pairs
of ions and beads are taken explicitly into account with the reduced temperature
T ∗ as the main, variable parameter. In particular, the influence of variation of
the latter on the mean effective charge per end-bead 〈Q〉, total mean energy
〈E〉, mean-square radius of gyration 〈R2

g〉, and mean-square centre-to-end-bead
distance 〈R2

e 〉 is analysed and the molecular weight dependences of 〈R2
e 〉, 〈R2

g〉
are shown. The simulations indicate that condensation of counterions onto the
end-beads occurs as T ∗ is lowered. This effect is accompanied by weak, gradual
swelling and shrinking of the molecules.

1. Introduction

Starburst dendrimers are macromolecules with a regular, treelike structure. They are made
by cascade chemical synthesis in which, starting from the core, new branched units of
monomers are attached to the so-called terminal groups [1, 2]. Such a step in the above
procedure is referred to as formation of a new generation. These molecules provide a rich
potential for applications in a number of fields, including industry, biomedicine, pharmacy
and materials engineering. Actually, lithographic materials, nanoscale catalysts, drug delivery
systems, rheology modifiers, bioadhesives, and MRI contrast agents are examples of potential
applications [3].

Neutral dendrimers have been examined experimentally, analytically and numerically.
For instance, the purely theoretical approaches concerning static, structural properties of
dendrimers include mean-field models, self-consistent methods and Flory-type theories.
Among others they provide information on such important quantities as the mean radius of
gyration, dendrimer density profiles, free end distribution, scaling law for the dendrimer size,
and structure factor [4–7]. Computational on- and off-lattice studies, on the other hand, involve
the kinetic self-avoiding-walk algorithm, Brownian dynamics, molecular dynamics and Monte
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Carlo simulations [6, 8–16]. It should also be stressed that, apart from static properties,
simulations enable one to inspect the dynamical behaviour of the macromolecules. Actually,
dendrimer translational self-diffusion, the size and shape fluctuations, rotational mobility, and
elastic motions have been considered numerically as well [9, 17]. Experimental studies, in
turn, employ for example photochemical and spectroscopic probe methods, mass spectrometry,
translational diffusion and viscometry methods, scattering experiments and others [12, 18–20].

Another class of dendritic molecules is that containing charged terminal groups, i.e.,
branched polyelectrolytes (for example poly(amidoamine), polypropyleneimine) [21]. They
have been the subject of various experimental studies using very sophisticated measurement
methods. For instance, the electrophoretic mobilities of charged polypropyleneimine have
been measured by capillary electrophoresis [22], the influence of the pH of the solution
on the size of poly(amidoamine) has been examined with the use of small-angle neutron
scattering [23], and adsorption of these molecule from solutions onto gold by a quartz crystal
microbalance technique [24]. Furthermore, the lamellar structures of the cationic surfactant
didodecyldimethylammonium bromide with anionic poly(amidoamine) has been investigated
by small-angle x-ray scattering [25]. Such techniques as turbidimetry, dynamic light scattering,
viscometry and potentiometric titration have been used in the studies of complex formations
between polycations and charged dendrimers as well [26, 27].

As in the case of neutral molecules, the theoretical studies of charged dendrimers in
solution with and without salt are also based on mean-field models and computer simulations.
Among others, these studies have provided information on the equilibrium shape, size and
structure of charged dendrimers, the monomer and counterion distribution function and the
distribution of terminal groups [6, 28]. Density profiles for dendritic polyelectrolytes in
solvents of various ionic strengths have also been examined by Monte Carlo simulations [29].
These simulations predict, for example, the so-called ‘smart’ behaviour of these molecules,
i.e., a transition between ‘dense core’ and ‘dense shell’ structures of charged dendrimers as
the salt concentration changes from high to low. Furthermore, by applying Monte Carlo
computer simulations, possible complexes between charged dendrimers and oppositely charged
polyelectrolytes have been examined [30]. Finally, the Brownian dynamics method has brought
about interesting results concerning dynamic properties (self-diffusion, rotational mobility,
dendrimer elastic motions, etc) of dilute solutions of charged dendrimers [17].

In this paper we carry out lattice Monte Carlo simulations of single, three-dimensional
dendrimers with charged, monovalent terminal groups and their counterions without added
salt. Unlike most of the previous simulation studies, we do not approximate the electrostatic
interactions by the Debye–Hückel potential but take into account the Coulomb potential
explicitly and concentrate on dendrimer properties with changing reduced temperature T ∗.
The conformations of the molecules are considered by calculating the mean-square radius of
gyration 〈R2

g〉 and the mean-square centre-to-end-bead distance 〈R2
e 〉. We also analyse the mean

internal energy 〈E〉 of the systems and measure the condensation of counterions by means
of the mean effective charge per end-bead 〈Q〉 [31–33]. These quantities are calculated by
employing Monte Carlo simulations in the canonical ensemble with a version of the cooperative
motion algorithm (CMA) as the tossing scheme on the face-centred cubic (fcc) lattice [34–38].
The remaining part of the paper is organized as follows. First, the simulation method and
the measured quantities are defined. Then, the results of our simulations are presented and
discussed. Finally, conclusions and remarks are given.

2. Model and numerical procedure

The model system consists of a single dendrimer on an fcc lattice of size L3 with periodic
boundary conditions. A dendrimer is, in turn, a treelike collection of beads connected by rigid,
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Figure 1. Schematic 2D picture of dendrimers (supplied by T Pakula).

nonbreakable bonds of length a = u
√

2 (where u is the length unit) so as to constitute the
macromolecular skeleton (for a 2D schematic representation see figure 1). Before performing
actual simulations, dendrimers with assumed generations g, spacer length P = 1 and branching
functionality m = 2 are sequentially (generation after generation) formed by a growth process
starting from a primary initiator. Thus, in terms of g, the total number of monomers N and
terminal groups Nt are given by

Nt = 2g+2 (1a)

N = 2g+3 − 2. (1b)

Furthermore, in order to model a polyelectrolyte dendrimer, each end-bead is supposed to carry
a unit positive electric charge, whereas Nt free beads (counterions) carry monovalent charges
of the opposite sign (see figure 2). The solvent is implicitly included in the simulations by its
permittivity ε.

The electrostatic interaction between pairs of charges is the total Coulomb energy

E(ri j ) = Ec(ri j)

δ
= zi z j

ri j
, (2)

where ri j is the distance between ions i and j , zk is the valence of ion k (zk = ±1), and
δ = e2/εu is the energy unit with e denoting the electric charge. The long-range nature of the
Coulomb interactions is treated by the standard Ewald summation method with the minimum
image convention for the real-space term, κ = 5/L, kmax = 5 for the sum in reciprocal space
and for a conducting external medium [39]. In this paper, we calculate thermodynamic averages
of various quantities at the reduced temperature T ∗ defined as T ∗ = kBT/δ, where T is the
absolute temperature and kB is the Boltzmann constant. Furthermore, the excluded volume
condition is also taken into account by preventing a lattice site from being occupied by more
than one element. Since this is the only short-ranged interaction between the monomers, the
dendrimers are in an athermal solvent.

Here, the configurations are tossed by a version of the CMA that is generalized to
dendrimeric molecules. The elementary moves are classified and coded for all the local
conformations of threes of bonds branching from one point. Originally, this idea was
formulated for linear chains, i.e., for pairs of neighbouring bond vectors [40]. The CMA
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Figure 2. The configuration snapshots (in different scales) for g = 7 and for (a) T ∗ = 10,
(b) T ∗ = 0.5. The black, grey and white spheres represent the counterions, end-beads and neutral
monomers, respectively.

provides a richer combination of reconfigurations of polymers compared to the earliest lattice
algorithms such as the Verdier–Stockmayer one [41]. Actually, while the latter enables
only local chain configurational changes (end-bond motion, kink-jump motion and crankshaft
rotation), the set of elementary moves for the former enables both local and non-local ones.

The tossing scheme used can be outlined in the following way. (1) A bead (monomer,
counterion) and one of its neighbouring lattice sites are selected at random. (2) If the latter
is empty an elementary CMA move is performed. In case the selected bead is a counterion it
is translated to the empty site. This way another empty site (the abandoned one) is generated
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which is the end of the trial reconfiguration for single, free beads. In case the selected bead is a
monomer, it is moved to the empty site as well. Furthermore, depending on the local situation
encountered, in order that no bonds are broken and that the sequence of beads on the dendrimer
is preserved, a number of monomers that follow the selected one are also shifted collectively
one after another by subsequent translating by one lattice site until an empty site is finally
generated. This is the end of the trial reconfiguration for the monomers. (3) If the lattice site
selected in (1) is occupied, the whole of step (1) is repeated.

The new configuration generated in such a way is accepted or rejected according to a
probability of the Metropolis type [42]

p = min

[
1, exp

(
−�E

T ∗

)]
, (3)

with �E = Enew − Eold (Enew and Eold are energies after and before a random reconfiguration,
E = Ec/δ).

In the simulations, we have computed the mean-square centre-to-end-bead distance

〈
R2

e

〉 =
〈

1

Nt

Nt∑
i=1

(
re,i − rc

)2

〉
, (4a)

the mean-square radius of gyration

〈
R2

g

〉
=

〈
1

N

N∑
i=1

(ri − rcm)2

〉
, (4b)

the mean internal energy 〈E〉, and the mean effective charge per end-bead

〈Q〉 = 1 − 〈Nc〉
Nt

. (5)

re,i , rc denote the position vectors of the i th end-bead and of the initiator centre, ri and rcm of
the i th monomer and of the dendrimer centre of mass, respectively. 〈Nc〉 is the mean number
of condensed counterions (a counterion is considered condensed when it occupies a nearest-
neighbour site of any end-bead), and the bracket 〈 〉 stands for thermodynamic averaging.
Finally, we have also considered the specific heat Cv calculated by using fluctuations

Cv ≈
〈
E2

〉 − 〈E〉2

T ∗2
. (6)

The simulations have been performed on a 3D fcc lattice of size L3 = 80 × 80 × 80 u3

for systems of single dendrimers with generations g = 3, . . . , 7 at temperatures T ∗ = 10, 5,
2.5, 1, 0.5, 0.25, 0.1, 0.05, respectively. Mostly, configurations obtained for some T ∗ were
initial ones for further calculations at lower T ∗. The number of Monte Carlo Steps (MCSs; one
Monte Carlo Step is N + Nt trial reconfigurations) needed for the systems to reach equilibrium
depended on g with the tendency to be larger for higher g.

3. Results

In order to make sure that the simulated systems have properly equilibrated at given T ∗ we
shall start by examining the specific heat Cv [43]. Actually, for most of the considered
temperatures we have found good agreement between Cv calculated by applying equation (6)
and by graphical differentiation of the mean energy 〈E〉 with respect to T ∗ (the example for
g = 5 is shown in figure 3(a)). This, in turn, implies that the inspected systems have reached
thermodynamic equilibrium except for the two lowest temperatures T ∗ = 0.05, 0.1, where



3586 M Majtyka and J Kłos

0.0

0.4

0.8

0 2 4 6 8 10

0

2500

5000

1 10 100 1000 10000

38.0

38.5

39.0

39.5

40.0

a)

 g=3
 g=4
 g=5
 g=6
 g=7

<
Q

>

c)

T*

b)

<
E

>

0

200

400

g=5
 d<E>/dT*

 Eq. (6)
C

v

g=6
T*=0.25

<
R

g2 >

MCS

Figure 3. (a) The specific heat Cv versus T ∗ for g = 5, (b) the effective mean charge per end-bead
〈Q〉 versus T ∗ for g = 3, . . . , 7, (c) the mean electrostatic energy 〈E〉 versus T ∗ for g = 3, . . . , 7.
The inset shows 〈R2

g 〉 versus MCS for two different initial states for g = 6 and for T ∗ = 0.25.

they are more likely to be trapped in metastable states. Thus, the mean values obtained for
these temperatures should be seen as averages corresponding to a single basin in the energy
landscape rather than true, equilibrium values. Furthermore, the inset of figure 3 showing
〈R2

g〉 versus MCS for g = 6, T ∗ = 0.25 for two runs started from different configurations,
provides an indication that convergence towards equilibrium is secured independently of the
initial microstates.

In figure 3(b), the mean effective charge per end-bead 〈Q〉 is plotted versus T ∗. We
see that, for all the generations, 〈Q〉 monotonically decreases with temperature, i.e., the
condensation phenomenon starts to appear (〈Q〉 < 1) as T ∗ is lowered. The drop in 〈Q〉
is very sharp for g = 3, 4, whereas for g = 5, 6, 7 it is more smooth, and the reduction
in 〈Q〉 is present even at higher T ∗. Furthermore, the observed tendencies are such that
〈Q〉(T ∗, g1) < 〈Q〉(T ∗, g2) for g2 < g1. In other words, the reduction of dendrimer charge
is better pronounced for molecules with larger generations at given T ∗. At extremely low T ∗,
〈Q〉 is practically zero—almost all of the counterions are condensed, and the dendrimer is
electrically neutral. Qualitatively, the effect of condensation is well seen in figure 2, where
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Figure 4. (a) The mean-square radius of gyration 〈R2
g 〉 and the mean-square centre-to-end-bead

distance 〈R2
e 〉 (shifted down by eight) versus T ∗ for g = 7; the inset shows T ∗ at which 〈R2

g 〉 and

〈R2
e 〉 are maximal versus g, (b) the mean-square radius of gyration 〈R2

g 〉 versus T ∗ for g = 3, . . . , 7,

(c) the mean-square centre-to-end-bead distance 〈R2
e 〉 versus T ∗ for g = 3, . . . , 7, (d) the molecular

weight dependences of 〈R2
e 〉 and 〈R2

g 〉 at various temperatures.

representative snapshots of the dendrimer with g = 7 and counterions are shown for T ∗ = 10
and 0.5, respectively. Furthermore, as indicated by figure 3(c), the behaviour of 〈Q〉 is
accompanied by a gradual drop in the average electrostatic energy 〈E〉.

Next, in figure 4 we inspect the dendrimer conformational changes by analysing the
mean-square centre-to-end-bead distance 〈R2

e 〉 and the mean-square radius of gyration 〈R2
g〉

as functions of T ∗. Figure 4(a) refers to the single generation g = 7, whereas figures 4(b)
and (c) refer to all of them. We observe that for all the considered generations, both 〈R2

e 〉 and
〈R2

g〉 reach broad maxima in some intermediate temperature region where the branches of the
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molecule exist in more extended forms. As indicated by the inset in the top right-hand corner of
figure 4, the locations of the maxima reveal a tendency to shift towards lower T ∗ as g decreases.
In the extremes of low and high T ∗, in turn, 〈R2

e 〉 and 〈R2
g〉 are reduced when compared to the

temperatures in between, and the low-temperature shrinking is sharper. Our computational data
indicate, however, that at least in the case of our model, the above-described changes in size are
relatively weak because the parameter α = 1 − 〈R2

g〉1/2(T ∗ = 10)/〈R2
max g〉1/2 (see figure 4(a))

varies from about 0.03 for g = 7 to about 0.1 for g = 3. The molecular weight dependences
of 〈R2

g〉 and 〈R2
e 〉 for various T ∗ are shown in figure 4(d). We do not consider them to be linear

and so the scaling relations of the form 〈R2〉 ∼ Nν do not seem to hold in this case.

4. Summary

In this paper, using a version of the cooperative motion algorithm, we have carried out
Monte Carlo simulations of single dendrimers with charged, monovalent terminal groups
and counterions at a number of reduced temperatures. Unlike most previous studies on this
subject, we have examined explicitly the effect of counterions on dendrimer size and structure.
The calculations have shown that, as the temperature decreases from high to low, the mean
energy drops and condensation of counterions onto the dendrimers occurs. This effect is also
accompanied by weak conformational changes of the molecules that gradually swell and shrink.
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